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M a t h e m a t i c a l t r e a t m e n t of c o m p l e x b i o l o g i c a l 
p r o b l e m s 
Soil fer t i l i ty is a problem that is pa r t i cu la r ly suited for solution 
by computer mode l s . In such a model the influences of beneficial as 
well as adve r se growth factors can be desc r ibed in a comprehens ive 
way. 
Much is known about the react ion of c rops on the growth factors 
separa te ly . This we will cal l the special aspec ts of the p r o c e s s e s . 
Soil productivi ty, however , i s dependent on the effect of a l l fac tors 
combined. 
This in tegra ted problem necess i ta t ing that the special p r o -
c e s s e s a r e in se r t ed in a genera l react ion pa t te rn , is not unduly 
compl icated because al l fac tors a r e taken up by the p r o c e s s of dif-
fusion. Some other t r anspo r t p r o c e s s e s may also have an influence, 
such as mass - f low, but these mechan i sms of nut r ient uptake and the 
counteract ion of adve r se influences have in common that they can be 
r e p r e s e n t e d by l inear t r an spo r t equat ions. 
The number of growth factors is l a rge and therefore the effect 
of many of them taken separa te ly mus t be sma l l . General i n t e re s t 
has mainly been d i rec ted towards the 15 to 20 beneficial fac tors . 
Because the f a r m e r has gradual ly c o r r e c t e d deficiencies in these 
beneficial fac tors , the impor tance of the adve r se fac to r s , of which 
the re a r e severa l hundreds , r equ i re in an ever inc reas ing way that 
careful invest igat ions should be c a r r i e d out. 
Up to now the adve r se factors have rece ived far l e s s attention 
than the beneficial ones . Poss ibly the often studied salinity factor is 
an exception. 
Also the influence of t ime has obtained some, however r e s t r i c t -
ed, i n t e re s t . This has led to the development of exponential and 
logis t ic functions (PATTON, 1971). But a mathemat ica l ly t r e a t e d 
plant physiological bas i s does not seem to have been studied in suf-
ficient detai l . 
It is in te res t ing to compare the scientific approach of soil 
fer t i l i ty s tudies - as was mentioned a l r eady , l a rge ly a p rob lem of 
diffusion and m a s s flow or root expansion as p r o c e s s e s for the 
t r a n s p o r t of f e r t i l i z e r s in aquous solution - with the scientific con-
cept which provides the bas i s of the s tudies on groundwater flow. 
In the l a t t e r study, the i n t e r e s t has of la te been switched from 
the elaborat ion of separa te p r o c e s s e s of groundwater flow - such as 
d ra inage , capi l lary r i s e or evaporat ion - to the in tegra ted study of 
combined p r o c e s s e s of water flow and water s to rage . This is be -
coming a study of the dynamic water ba lance , which has much in 
common with the dynamic fer t i l izer ba lance . 
This type of hydrologie r e s e a r c h , aiming at the in tegra ted r e -
presenta t ion of the en t i re problem, is m o r e advanced in hydrology 
than in soil fer t i l i ty r e s e a r c h . This hydrologie r e s e a r c h might be 
used as an example and a guide in other fields of comprehens ive 
study especia l ly in fert i l i ty r e s e a r c h . Such an in tegra ted r e s e a r c h 
can be complementary to the special ized studies of single f ac to r s . 
Other growth factors a r e d i scussed e l sewhere (VISSER, 1968; 1969). 
The'hydrologie r e s e a r c h he re r e f e r r e d to is par t of an i n v e s -
tigation into the effect of water abs t rac t ion for civil water supply 
on the productivity of agr icu l tu ra l land in an a r e a with a ground-
wate r table shallow enough to enable cap i l la ry contact between the 
plant roots and the groundwater table . The p rac t i ca l r e s u l t s will be 
of p r ime impor tance , but r equ i r e the use of the best scientific theory 
avai lable . Only a theory with r e spec t to the effect of t ime on plant 
growth will be d i scussed in this a r t i c l e , cons idera t ions based on 
p rac t i ca l application will be mentioned if n e c e s s a r y . 
S p e c i a l p r o c e s s e s a n d b a s i c r e s p o n s e p a t t e r n s 
The reac t ion pa t te rn of the response of a plant on a growth 
factor has to fit into the genera l pa t te rn , accounting for the bas ic 
p r o c e s s of nutr ient uptake. 
An instance for this genera l pa t te rn is the equation accounting 
for a s imple diffusion p r o c e s s , as r e p r e s e n t e d by 
^1 3 N ( i - - ^ . . . . = F ( la ) 
V a ( x - x o ) / V b ( y - y o ) / 
and U. ** ) U. *q ^ . . . . = F ( lb) 
\ a ( A x - A x o ) / \ b ( ^ y - A y 0 ) / 
where x and y r e p r e s e n t growth factors with activity constants a 
and b (VISSER, 1968). The yield is r e p r e s e n t e d by q. F is m a t h e -
mat ica l ly an in tegrat ion constant . The biological significance i s that 
of an e las t ic i ty . That i s the var iabi l i ty in the quantitative value of 
the r a t io , according to which the plant is able to build i t s m a t t e r 
with slightly varying propor t ions of the different growth fac tors . 
Superimposed on the bas ic r e sponse pa t te rn a re the special 
p r o c e s s e s of plant r e sponse . 
In formula (1) this special p r o c e s s is r e p r e s e n t e d by 
q' = a(x - xQ) 
q" = My - yQ) (2) 
These equations desc r ibe the reac t ions of a plant on a single growth 
factor . 
Equation (1) and (2) lead to a plant growth equation: 
C-t)(f-t) ••••-' 
Here q is the yield for all the growth factors combined, while q1 and 
q" r e p r e s e n t the yields for the single effect of the fac tors x and y. 
In the following discuss ion t ime has to be defined as a specia l 
factor , which definition, as genera l ly i s the case with the factor t ime , 
will r e p r e s e n t a r a the r complicated reac t ion pa t te rn . 
In hydrology the m o r e complicated pa t t e rns a r e genera l ly the 
resu l t of a non-s teady s t r e a m flow. In plant physiology the t i m e -
dependent effects a r e not neces sa r i l y dependent on non-s teady r e -
la t ions . The s torage capacity of the plant is too smal l for a number 
of fac tors to make non-s teady si tuations inside the plant of sufficient 
impor tance to devote a study to them. 
The special p r o c e s s e s , as desc r ibed in formula 2 may be ex-
pected to be of a l inear type. If q is l inked with x or y by a m o r e 
complicated equation, this will point to the fact that q was not l inked 
to the factor x from which the plant r e sponse o r ig ina tes . The p r o -
c e s s apparent ly is desc r ibed for an in te rca la ted factor u which 
makes the re la t ion non- l inear : 
x = f (u ) 
q' = a (f(u) - f(uQj) (3) 
In these l inear reac t ion pa t t e rns , descr ib ing the effect of t ime , 
impor tan t s ingular points as germinat ion or the death of the plant 
should be r e p r e s e n t e d mathemat ica l ly , as they occur in rea l i ty . 
These singular moments in plant development coincide with the be -
ginning and end of plant life and should n e c e s s a r i l y be r e p r e s e n t e d 
in an acceptable definition of plant r e s p o n s e . 
M u t u a l l y i n d e p e n d e n t b a s i c p l a n t r e s p o n s e p a t t e r n s 
In a complete in tegra ted model for plant r e sponse an indicated 
place in the mathemat ica l model should be r e s e r v e d for all main 
reac t ion pa t te rns as dry m a t t e r production, growth rhy thm, d ivers i ty 
of species in plant a s soc ia t ions , quality of the yield and probably 
some other main a spec t s of plant r eac t ion as for ins tance plant heal th . 
General ly it may be a s sumed that if the p rob lem of plant r e sponse 
is obse rved from a plant physiological angle, a spec t s as dry m a t t e r 
production and the d ivers i ty of species in a plant assoc ia t ion will be 
cons idered as mutually independent. It a r e ent i re ly different reac t ions 
of the plant, governed by different fac tors . 
Mathematical ly such an independence is shown by the shape of 
the formula which in such a case would read : 
f(q) dq = f(t) dt 
Lack of independence compl ica tes the equation of r e sponse and may 
make an exact integrat ion imposs ib le . In case of a mutual dependence 
the formula might be : 
f(q, t) dq = dt 
Such a formula often will not allow to split the function up in in t e -
grable q- and t - p a r t s . 
The independence is shown by an additive mutual re la t ion , which 
does not pos se s s in t e rac t ions . 
The habitual concept of independency does not accept an influence 
on both q and t by a common third factor as different f rom an i n t e r -
act ion. An in terac t ion , however , would nullify the independence, the 
th i rd factor would not. 
The re la t ion between the mutually independent r e sponse pa t te rns 
i s of impor tance to give the model a c o r r e c t shape. F o r dry m a t t e r 
production and growth rhythm the model is built up on 
dC = c dT (4) 
Here dC defines the change in the r a t e of cel l division C. In dT one 
recognizes the i n c r e a s e in the plant physiological t ime T, well to be 
dist inguished from the r ea l t ime t. 
The plant physiological t ime r e p r e s e n t s a t ime influence ident i -
cal to the cause of the plant r e sponse . A lower t e m p e r a t u r e 
s lackens the p r o g r e s s of the t ime as it is exper ienced by the plant. 
This plant physiological t ime T ag rees with the change in the r a t e of 
cel l division according the l inear re la t ion of formula (4). 
It will be c lear that independence is given h e r e meaning differ-
ing from the mathemat ica l as well as the plant physiological one. 
Independence is cons idered to exist if the change in one factor does 
not modify the shape of the curve for the re la t ion with another factor 
and only influences the level of the cu rve . This definition of indepen-
dence , however, is of impor tance for it a s s i s t s in select ing the 
c o r r e c t model in case the different types of plant r e sponse a r e con-
s idered to be mutually dependent or independent. 
B a s i c p r o p e r t i e s of t h e t i m e - y i e l d f u n c t i o n 
The T-function i s the p rede te rmined place for the effects of 
many kinds of human intervent ion, as the advancement of plant growth, 
the ripening of fruits, the blooming of flowers, the Jarowisation of 
seeds, the growing of a vegetable species around the year. This 
amounts to the description of life and death, juvenility and senes-
cense of the plant. 
This T-function is directly independent of the dry matter pro-
duction, though the relation with the time effect may be indirect 
because for instance both dry matter production and growth rhythm 
are dependent on temperature. 
The shape of the curve for the time effect is based on the ex-
perience with the logistic time - yield curve. It is assumed that the 
rate of cell division dC/dq reacts according to the number of cells 
present - proportional to q-q - and the number of cells still to be 
expected - proportional to Q-q (see fig. 1). Here Q is the maximum 
amount of dry matter at the end t of plant life, q is the dry matter 
quantity at the moment t that plant life starts, q and t are variâtes 
for yield and time respectively. This leads to the formula: 
dq" = \~^% + ~QZ*~) ( 5 ) 
The assumptions with respect to the shape of the time effect are 
based on the experience that living organisms often have the disposal 
of several reaction systems which to a certain extent rule the same 
process with about the same effect. Here also the reaction should 
be based on linear relations of the plant physiological time effect T 
to the real cause t-t or t -t. 
o e 
The basic formula has no need for any adapting functions of the 
type of formula (3). The formula can be written as: 
dT 
-E- = f-ü— + - ^ ^ (6) dt 
 O-'o  vO 
This equation states that the plant physiological rate of variation in 
time is prop 
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S p e c i a l r e a c t i o n s t o t i m e 
According to formula 4 the formulae 5 and 6 can be combined 
into a single equation for the re la t ion between the effect t of t ime 
and dry ma t t e r production q in an additive way as indication of 
the i r mutual independency. 
The formula r e a d s : 
V)*"fe-^)* + nT7r dq = c Tir - + T-3T ) d t ( 7 ) 
Integrat ion gives: 
a In (q-q ) - In (Q-q) = In d + be In ( t- t ) - c In (t - t ) (8) 
Equation (8) can also be wri t ten a s : 
( q - % ) a 
Q-q L t e-t J 
( t - t ) b v
 o ' (9) 
One may requ i re that the t ime - yield function r e p r e s e n t s the 
pecu l ia r i t i e s of the react ion of the plant in such a shape as the r e -
act ions a re exper ienced or expected to be inrea l i ty . Such expec-
tat ions a r e based on the concept of plant r e sponse as der ived from 
the combined exper ience of plant physiological r e s e a r c h . 
Two questions a r i s e . By adjustment r e s e a r c h it has been proven 
that the 8 p a r a m e t e r s , which have to be solved if formula 9 is applied, 
cannot be solved from 8 observa t ions . The combined values of t and 
o 
q or t and Q drift along the t -q curve during the adjustment with-
out a r r iv ing at a fixed value. Equation (9) i s apparent ly too flexible. 
A further condition should be defined to d e c r e a s e this flexibility, 
o ther than the assumpt ion which is now in use that b = 1. 000. 
The second point deals with the fact that the growth equation 
may be const ructed in such a way that near the beginning date t and 
the end date t the growth ra t e dq/dt is ze ro , but it is a lso possible 
to choose an equation for which at these points the growth ra t e - if 
ext rapola ted to zero - has a positive finite value. In fig. 2 the e x t r a -
polated value at high t -va lues is dq/dt = 0. 055 and in fig. 3 dq/dt = 
4 kg /day . At both ends of plant life a r a t h e r sudden change in growth 
8 
r a t e ex i s t s . It is mos t acceptable to a s sume that it is inherent to 
life that below a min imum ra te of the p r o c e s s e s of growth no life is 
poss ib le . The assumpt ion, leading to equation 11 , that life is already-
possible when the ra te of the p r o c e s s e s is only l i t t le removed from 
zero is l e s s acceptable . 
C o m p a r i s o n w i t h e x i s t i n g f o r m u l a e 
Three equations a r e to be d i scussed , of which the exponential 
curve - equation 10 - and the logist ic curve - equation 11 - a r e 
genera l ly accepted as useful approximat ions for the growth re la t ion . 
The exponential curve is given by: 
*s_ = a d t - 9 - a ( t ' t o ) 
q % 
= e (10) 
For different ascending values of t and q the following r e su l t s 
a r e obtained: 
Table 1 
t 
- c o 
to 
t 
e 
f co 
q 
0 
q 0 
q e ^ e - U Mo 
+ CO 
dq/dt 
0 
a % 
a( t - - t Q ) a q e v e ° ' 
^o 
+ CO 
q 
- c o 
q 0 
Q 
+ CO 
t 
imag. 
to 
t
 + i l n - Q . o a q0 
+ CO 
dq/dt 
imag. 
a % 
aQ 
+ CO 
The equation gives over the whole range of t = -co tot t = + CO 
r e a l values for q and dq/dt . Plant physiologically speaking a yield 
higher than Q makes no sense , a condition not expres sed by formula 
10. F u r t h e r m o r e the growth r a t e at the death of the plant with t=t 
is found to be the highest value in plant l ife. This rapid growth to 
the moment of death does not agree with the concept of plant growth. 
Each negative value of q makes the value of t and dq/dt imaginary . 
Also negative values of q have no plant physiological meaning. 
The logist ic equation r e a d s : 
dq = a dt 6+oV) Q-q Q-q = % ea(t-t0) ( 1 1 ) 
Here the re la t ion between t and q or t and dq/dt v a r i e s as follows: 
Table 2 
t 
- CO 
t 
o 
t 
e 
+ CO 
q 
0 
% 
a ( t e - t 0 ) 
( Q - q o ) + q o e a ( t e _ t ° ) 
Q 
dq/dt 
0 
aq o (Q-qQ ) 
Q 
~ a ( t e - t n ) aq Qe v e 0 / 
^o 
( Q - q o ) + q o e a ( t e - t o ) 
0 
q 
-co 
q o 
Q 
+ CO 
t 
imag. 
t 
o 
CO 
imag . 
dq/dt 
imag. 
Q 
0 
- c o 2 
Equation 11 gives rea l values for q in the range for t = - Co 
and t=t . Fo r q the range of r e a l values for t i s from q = 0 to 
q = Q. The growth ra t e in this same in te rva l of t s t a r t s and ends at 
ze ro and p a s s e s through a max imum at q = Q/2 . 
A th i rd equation to be used is equation 9. Here the values of q, 
t and dq/dt all become imaginary below q or above t . The same 
holds for the values of q becoming imaginary below q and above Q. 
While in the logist ic function an imaginary domain is p resen t at 
the upper and lower range of q, in equation 9 this imaginary a r e a 
c o m p r i s e s the upper and lower range of q as well as of t. 
Severa l points seem to plead s trongly in favour of equation 9. 
In the f irs t place the l inear re la t ions between c rop response and 
basic plant physiological r eac t ions , as defined in the equations 5 and 
6, agree with what is expected on plant physiological grounds . 
F u r t h e r , it is in favour of this working hypothesis that no r e a l c rop 
response can be calculated in the imaginary domain outside the 
square with sides at t ^ t ^. t and at q ^ q ^. Q. 
10 
As a further favourable p roper ty is to be cons idered that the 
p r o c e s s e s of life begin and end as soon as the growth r a t e has a t -
ta ined a ce r ta in posit ive value. That life only ends if one of the 
functions of life approaches ze ro is not a ve ry sa t i s fac tory condition. 
It s eems a more convincing supposition that life is not possible if 
the p r o c e s s act ivi t ies descend below some c h a r a c t e r i s t i c posit ive 
finite value. 
As most convincing it is to be cons idered , that imaginar i ty is 
found to r e p r e s e n t a good indication for non-exis tence of life. What 
biologically is imposs ib le should also be mathemat ica l ly imposs ib le . 
The impossibi l i ty to a r r i v e at r ea l values for plant r e sponse by 
applying a beneficial growth factor if the s ta r t ing point is imaginary , 
is an indication for the uniqueness of l i fe. 
S i g n i f i c a n c e of d e r i v a t i v e s t o c h e c k y i e l d f u n c t i o n s 
Fo rmu la (9) shows how the yield function is based on the a s s u m p -
tion that the growth p r o c e s s is de te rmined by the t ime e lapsed after 
germinat ion and by the dry m a t t e r quantity produced in that t ime . 
F u r t h e r , growth as well is de te rmined by the t ime during which 
growth and a dry ma t t e r production a r e ti l l r ipening st i l l to be 
expected. 
The equation can be checked and i ts p rope r t i e s adjusted or 
c lar i f ied and brought into ag reement with the biological concept of 
growth by calculat ing the de r iva t ives . 
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T h e s e d e r i v a t i v e s a r e e x p r e s s e d by: 
dq 
HF 
F t 
• F q 
d2q _ F" + F™ (¥q)' 
dt -Fq 
d 3 q 
d f 
rm^rqgf j^ + Mf.) | 
- F q 
In t h e s e e q u a t i o n s the d i f f e r en t s y m b o l s s t a n d fo r : 
TT a . * 
F q = + q-q c Q-q 
F q q = „ + 
( q - q Q ) 2 ( Q - q ) 2 
IT 2a , 2 F q q q = + 
( q - q o ) 3 ( Q - q ) 3 
F t = 
F t t = 
F t t t = 
- b e 
t - t t - t 
o e o 
bc 
(t-to)2 (V*) 2 
2c - 2 b c 
( t - t Q ) 3 " ( t e - t ) 3 
F t q = 0 
F t t q = 0 
F t q q = 0 
(13) 
The v a l u e s of F t q , F t t q and F t q q equa l z e r o . The e q u a t i o n for 
d q / d t i s sp l i t u p in a n u m e r a t o r F t , funct ion of t a l o n e , a n d a d e -
n o m i n a t o r F q , a funct ion of q a l o n e . By d i f f e r e n t i a t i n g the funct ion 
of t to q and of q to t the d e r i v a t i v e s b e c o m e z e r o . 
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Fig . 2. The p roper t i e s of the yield curve can be der ived from the curves for the 
success ive der iva t ives . A point of considerat ion is encountered in the 
second maximum of the second der ivat ive from a ce r ta in exper iment with 
sugar beets at t = 303 days . The presence of such a maximum does not 
seem to follow c lear ly from the concept of plant growth. 
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In fig. 2 the shape of the curves for the der iva t ives and the yield 
function is given. The curve for q shows that for sugar bee ts the S-
shape is l e s s marked than often is thought. This is due to the fact 
that for p rac t ica l purposes the upper pa r t ends in an inclined l ine, 
ins tead of the often expected hor izontal one. The curve does not 
asymptot ica l ly approach the hor izontal line for q = Q m a x and t = t . 
The same holds for the combination t and q^. 
o no 
The curve in fig. 2 for the f i rs t der ivat ive dq/dt shows that the 
q-t line s t a r t s near ly horizontal ly but ends inclined. Other se ts of 
calculated data - see fig. 3 - showed that also at low q-values the 
dq/dt function prac t ica l ly ends with a finite value l a r g e r than z e r o . 
If the curve is calculated for values of t near to t and t it appear s 
o e r r 
that in the f i rs t and las t few days the inclination changes and dq/dt 
theore t ica l ly approaches ze ro . But in this smal l in te rva l yield data 
a r e very s ca rce and checking on available observat ions will se ldom-
ly be poss ible . 
At the in tersec t ion of the second der ivat ive with the hor izonta l 
axis the flex point of q, the maximum of the growth r a t e dq /d t , o r 
2 2 
the ze ro point of the second der ivat ive d q/dt a r e al l found at the 
196 day of the y e a r . But the second der ivat ive unexpectedly 
rd p o s s e s s e s a second lower maximum at the 303 day. This second 
max imum does not seem to ag ree with the plant physiological con-
cept . It s eems more in line with the exper ience on plant growth to 
expect that this second maximum would approximate ly coincide with 
the upper l imit t for the growth, which upper l imit t was the r e su l t 
of an adjustment calculation and was de te rmined as being si tuated on 
the 320 day of the yea r . 
If one r e m e m b e r s he re the exper ience that during adjustment Q 
and t tend to drift away and adjustment does not end in a fixed 
e 
min imum e r r o r , then one should conclude that formula 9 is too 
flexible. By adding a further appropr ia te re la t ion the flexibility can 
be cur ta i led . This condition should consis t of a re la t ion between a, 
Q and t . One would expect that by adjustment a re la t ion could be 
found that would have as effect that for q near to Q and for t near 
to t a fixed point can be calculated where the e r r o r is at a min imum. 
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The th i rd der ivat ive might r e p r e s e n t such a re la t ion by which 
for q = Q - A q and t = t - A t the value of Aq and At both approach 
z e r o . The accuracy of the adjustment might be highest where the th i rd 
der ivat ive is zero and the value of t nea r ly coincides with t . 
' e 
The explanation that the t ime difference between t and the value 
of t for the second maximum of the th i rd der ivat ive might be the r e -
sult of the gradual dying of the plant, which would s t a r t at the second 
max imum and in this case for sugar bee ts las ted there fore 17 days , 
s e e m s not to be sufficiently convincing. Too many different functions 
s eem to be at t r ibuted to a single mathemat ica l ly defined p r o c e s s . 
The value of t and q for the coincidence of (d q/dt ) m a x with 
t has to be given as t - A t and Q - Aq because all der iva t ives 
become inde termina te for t equal to t and Q. Therefore A t and 
A q should differ from ze ro . 
The descr ip t ion for the t ime - yield function, which allows al l 
p a r a m e t e r s to be solved and which compl ies with the plant physio-
logical concept of growth, therefore i s , if the reasoning about the 
indication given by the th i rd der ivat ive might prove to be r ight , 
probably defined by the following two condit ions: 
dq 
dt 
t 
q 
b 
"to 
a 
-% 
+ 
+ 
1 
t - t 
e 
1 
Q-q 
t = t e - A t 
*ÎS = n ,™. q = Q - Aq 
dt 
, = 0 for , 
3 and 
t0 + At 
(14a) q = qQ + A q (14b) 
This expansion of the equation for plant growth, defined by these 
two conditions has up to now not been worked out. As follows from 
fig. 2 and 3, the effect of formula (14b) on yield and growth ra te is 
ve ry smal l and in application a sufficient accuracy in the de t e rmin -
ation of q and Q is obtained by inser t ing the t ime of sowing and of 
r ipening in formula (8) or (9) by assuming that b = 1. 00. F o r 
perennia l s and for plant associa t ions as g r a s s , where the s t a r t and 
finish of growth is not well-defined, a c l e a r e r insight in the ma the -
mat ica l r epresen ta t ion of the law of plant growth by the use of 
equations (14a) and (14b) may be of more impor tance . 
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In f luence of t e m p e r a t u r e 
For perennials, also for other reasons a further expansion of 
the theory is necessary. In the exponential and the logistic formula, 
as well as in formula (9), no growth rate equal to zero is possible 
within the range between t and t . In formula (9) even a growth rate 
zero cannot exist at all because at that value of q the imaginary 
domain is reached. Still, a zero growth rate must on plant physio-
logical grounds be possible in the mathematical representation. 
This zero growth occurs during a cold spell and stops plant growth 
at some arbitrary date. Here a zero growth does not cause the 
growth process to enter the imaginary domain. This would entirely 
derange the computation of further growth. 
It is habitual to assume that the influence of temperature works 
by way of the temperature sum. This temperature sum 2**1 - T\ 
£an be considered as a plant physiological time scale T, built up from 
the real time t, corrected for the temperature f, as well as the age 
and life expectency of the plant. To this end the plant physiological 
time T is represented by: 
T = (**- ^ l A t T = i l ( r . - * * ) 
D
 (15a) t=o * b (15b) 
*?", is the temperature at which the process comes to a stop due to 
the cold climate. 
If formula (15b) is applied in formula (6), then this results in: 
d TP / b 1 \ 
a i
 \ T - T 0 T e -T / 
For application T is calculated for the full year according 
formula (15b) so that for each day as well as for specially selected 
moments as t and t the value of the time, weighted for temperature, 
is available . 
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F o r m u l a (14a) for dq /dT becomes : 
T 
q 
b 
-T 
o 
a 
- % 
+ 
+ 
1 
T e - T 
1 
Q-q 
2 l = c 2 S (17) 
dT - v ' 
If the t e m p e r a t u r e difference (*?" - £", ) becomes negat ive, T 
has to be taken zero in the calculat ion. Mathematical ly this i s not 
difficult or complicated. A plant physiological definition in m a t h e -
mat ica l t e r m s is l e s s easy . Up to now no formula for the plant 
physiological t ime T has been devised, which for posit ive values of 
T*- T-, is near ly propor t ional to the t e m p e r a t u r e sum, and for 
negative values r e n d e r s a value of the plant physiological t ime T 
equal to ze ro . F u r t h e r the equation should also in this case be built 
up from l inear functions of the r ea l t ime t and the r e a l t e m p e r a t u r e ST". 
Exponential functions pos s e s s these p rope r t i e s of nea r l inea r i ty 
at high values of the var ia te and an approximation to ze ro at low 
va lues . Up to now no endeavour was made to fit these ma themat i ca l 
solutions into the concept of plant r e sponse . T e m p e r a t u r e affects 
nea r ly all growth fac tors and accounting for t e m p e r a t u r e in only 
one of them r e q u i r e s careful considera t ion of the meaning of the 
p a r a m e t e r s calculated. For prac t ica l r ea sons an acceptable solution 
has to be found without having to e labora te the t e m p e r a t u r e effect 
for dozens of other growth fac tors . 
S u m m a r y 
The plant r eac t s on a l a rge number of growth fac tors . The 
reac t ion pa t te rns a r e ident ical for many growth fac to r s , although 
the growth p a r a m e t e r s may vary . 
Several of these growth pa t te rns were a l ready devised e a r l i e r 
(VISSER, 1968; 1969). In this a r t ic le the specific growth pa t te rn 
for the factor t ime was worked out. This t ime factor , as al l o ther 
growth fac to r s , has to comply with some special conditions as well 
as with genera l condit ions. 
Plant growth depends on the ra t io of the growth ra t e for al l 
factors combined, as well as the growth r a t e s due to a single factor . 
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These two growth r a t e s should be as near ly equal as poss ib le . This 
leads to an optimizat ion which by integrat ion r e n d e r s formula (1). 
This formula has the same p roper t i e s as the yield model of Black-
man (BLACKMAN, 1905). This Blackman model i s proved to be 
ident ical to the resu l t of the assumpt ion that nutr ient uptake occu r s 
by means of diffusion. 
The growth ra te due to a single factor depends on the p r o c e s s 
according which the factor s t imula tes plant growth. This effect is 
in pr inciple propor t ional to the quantity or the concentra t ion, or 
any other s imple l inear re la t ion between the growth factor and the 
plant r e sponse , see formula (2). If the re la t ion is m o r e complicated 
- as r ep re sen t ed in formula (3) - this p roves that the quantitative 
value of factor u is not the active quantity but a re la ted value 
dependent on the r ea l value x according some in te rca la ted function. 
Non - l inear i ty within the diffusion-based growth equation shows 
that other functions a r e involved resu l t ing from causes working in-
d i rec t ly . 
The plant may respond in seve ra l different ways. This r e sponse 
is not r e s t r i c t e d to dry ma t t e r production, but may also involve 
growth rhythm, the frequency of occu r r ence of spec ies , the quality 
of the yield or health of the plant. It may be a s sumed that within the 
growth equation these factors a r e not i n t e r r e l a t ed . This means that 
only a re la t ion via a th i rd influence may exis t . The reac t ions can 
then be linked together additively. 
In the actual p roces s of growth of the plant special levels and 
points occur which have a basic significance. These points and 
levels should also be r ep re sen t ed in the growth equation. No yield 
can be lower than zero or higher than the max imum yield. No growth 
is possible before the plant is sown or after the plant d i e s . These 
boundar ies of growth cannot be r ep re sen t ed by a growth ra t e equal 
to z e r o . It is far m o r e acceptable that any plant r e sponse outside 
these two l imi ts t and t becomes imaginary . A zero growth can 
change from one day to the other into a r e sumed growth. An imag i -
na ry growth cannot. 
The equation which is developed, has the proper ty of combining 
the lower l imit for the growth ra t e as well as the l imit for the length 
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of the growth period with the change - over to the imaginary domain 
for yield and t ime . Zero yields a r e not possible in this equation. 
Perenn ia l plants in a cold spel l , however , show in te rva l s with 
zero growth which a r e not combined with a change - over to imag i -
na r i ty . This growth pa t te rn is of impor tance if t e m p e r a t u r e has to 
be accounted for. By inser t ing a var iab le t e m p e r a t u r e in formula (7) 
an exact integrat ion is not possible because of the random var ia t ion 
in t e m p e r a t u r e . The t e m p e r a t u r e is therefore in se r t ed in formula 
(17) as the t e m p e r a t u r e sum, as defined in formula (15b). The in -
tegra t ion of formula (17) has to be done numer ica l ly . The t e m p e -
r a t u r e sum has proved in the past to give a good represen ta t ion of 
the t ime - t e m p e r a t u r e effect. 
The conditions and considera t ions as desc r ibed in the formulae 
(14a), (14b) and (15b), together lead to the definition of plant growth 
as depicted in formula (17) in which t ime and t e m p e r a t u r e a r e 
accounted for. Eventually it might become obvious that the condition 
r ende red in equation (14b) might prove to be a valuable amendment . 
The r e s e a r c h to this end, however , has not yet been finished. 
Fo rmula (17), whether or not combined with the condition of 
formula (14b), is a descr ip t ion of the specia l yield p rob lem for 
t ime and t e m p e r a t u r e , to be inse r ted in the genera l descr ip t ion of 
formula ( lb) . In genera l it will be advisable to split up the equation 
into a t ime dependent pa r t , to be numer ica l ly in tegra ted , and a par t 
t rea t ing the growth factors as t ime independent influences. One 
should not think lightly of the difficulties that have to be ove rcome 
in a c o r r e c t , mul t i - fac tor ia l e laborat ion of the yield function. 
It appears that the second der ivat ive p o s s e s s e s for sugar beets 
a double opt imum for q at t = 196 and 303 days . The second opt i -
m u m does not seem to comply with the biological concept of plant 
growth. Fu r the r it was found by adjustment of the p a r a m e t e r values 
that the e laborat ions for t and Q do not lead to a fixed solution. 
e 
The two p a r a m e t e r s keep on drifting to higher va lues . It should be 
cons idered to combine these indications of the exis tence of a second 
opt imum and the difficulties with the adjustment . The expectat ion i s 
that the re la t ions between b, Q and t , obtained by making the th i rd 
der ivat ive equal to ze ro for t near t and for q near Q, might 
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r e p r e s e n t a further condition for a c o r r e c t definition of the model of 
plant growth. It would mean that only in the las t smal l range A t of 
the growth period an increas ing d e c r e a s e of the growth r a t e will be 
cons idered acceptable from a plant physiological standpoint - see 
2 2 
fig. 3 , the curve for d q/dt at high values of t . 
As the effect of adjustment according formula (14b) is of slight 
p rac t i ca l significance, the usefulness of the l a t t e r condition has not 
been given a c lo se r study. In case of adjustment of inaccura te ob-
se rva t ions , it s t i l l might prove to be of sufficient impor tance to a c -
count for the t ime span between t and the t ime at which the ze ro 
value of the th i rd der ivat ive o c c u r s . 
It i s of cons iderable impor tance that from these equations the 
p a r a m e t e r s a r e calcula ted by adjustment methods . Adjustment of 
p a r a m e t e r s in ca ses where different n u m e r i c a l in tegra t ions have to 
be c a r r i e d out becomes very t ime consuming, however , It s eems 
advisable to split up the model into pa r t s containing only a single 
numer i ca l integrat ion and adjust in these par t - so lu t ions the p a r a -
m e t e r va lues . The integrat ion of these p recons t ruc ted pa r t s can 
then be c a r r i e d out with the common l e s s accura te s imulat ion 
methods . 
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